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a b s t r a c t
The graph Cn1∇Kk is the product of a circuit Cn1 and a clique Kk. In this paper, we will prove
that it is determined by their Laplacian spectrum except when n1 = 6. If n1 = 6, there are
several counterexamples. We also prove that the product of s vertex–disjoint paths and a
clique (Pn1 ∪ Pn2 ∪ · · · ∪ Pns )∇Kk is also determined by the Laplacian spectrum.
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1. Introduction
Let G = (V (G), E(G)) be a graph with vertex set V (G) = {v1, v2, . . . , vn} and edge set E(G). All graphs considered
here are simple and undirected. Let A(G) be the (0, 1)-adjacency matrix of G and let dk be the degree of the vertex
vk. The matrix L(G) = D(G) − A(G) is called the Laplacian matrix of G, where D(G) is a n × n diagonal matrix with
d1 ≥ d2 ≥ · · · ≥ dn as its diagonal entries. The polynomial PL(G)(µ) = det(µI − L(G)), where I is the identity matrix,
is defined as the characteristic polynomial of the graph G with respect to the Laplacian matrix, which can be written as
PL(G)(µ) = q0µn + q1µn−1 + · · · + qn. Since L(G) is real, symmetric and positive semidefinite, its eigenvalues are all real
numbers. Assume thatµ1 ≥ µ2 ≥ · · · ≥ µn (=0) are the Laplacian eigenvalues of graph G. The Laplacian spectrum of graph
G consists of the Laplacian eigenvalues (together with their multiplicities).
Two graphsG andH are said to be cospectralwith respect to the Laplacian spectrum if they have equal Laplacian spectrum
(i.e. equal Laplacian characteristic polynomials). If G and H are isomorphic, they are necessarily cospectral. Clearly, two
L-cospectral graphs share the same numbers of vertices and edges. In this paper, we abbreviate ‘‘determined by the Laplacian
spectrum’’ as DLS. Up to now, numerous examples of graphswhich are DLS have been obtained. For example, in [1], we know
that the cycle Cn, the path Pn on n vertices and the disjoint paths Pn1 ∪ Pn2 ∪ · · · ∪ Pnk are DLS. We also know that complete
graph Kn and the regular complete bipartite graph Km,m have no cospectral graphs. But only a few graphs with very special
structures have been proved to be DLS. In [2], we know that some special trees Zn,Wn and kZn are DLS. In [3], we know that
almost every tree is not determined by their spectrum. So ‘‘Which graphs are determined by their spectra? [1]’’ remains a
difficult problem in the theory of graph spectra.
Given two disjoint graphs G1 and G2, a graph G is called the disjoint union (or sum) of G1 and G2, denoted by G = G1∪G2,
if V (G) = V (G1)∪ V (G2) and E(G) = E(G1)∪ E(G2). Similarly, the product G1∇G2 denotes the graph obtained from G1 ∪ G2
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by adding all the edges (a, b)with a ∈ V (G1) and b ∈ V (G2). In [4], the classical single-wheel graphWn1+1 with n1 6= 6 has
been proved to be DLS. Is the product of a cycle and more vertices DLS? The answer is yes. However, the method of proof is
not similar, since we must make use of complement graph to finish our proof. In this paper, Cn1∇Kk with n1 6= 6 and k(≥2)
has been proved to be DLS. We also prove that (Pn1 ∪ Pn2 ∪ · · · ∪ Pns)∇Kk is DLS.
2. Preliminaries
In this section, we consider several preparatory results. The next lemma synthesizes some well-known facts in the
spectral characterization problems. Indeed, two cospectral graphs with respect to the Laplacian matrix will share the same
number of vertices, edges and components.
Lemma 2.1. Let G be a graph. The following can be obtained from the adjacency spectrum and the Laplacian spectrum:
(i) The number of vertices.
(ii) The number of edges.
(iii) Whether G is regular.
(iv) Whether G is regular with any fixed girth.
The spectrum of the adjacency matrix determines:
(v) The number of closed walks of any length.
(vi) Whether G is bipartite.
The Laplacian spectrum determines:
(vii) The number of spanning trees.
(viii) The number of components.
(ix) The sum of squares of degrees of vertices.
In this paper, we suppose that d1 ≥ d2 ≥ · · · ≥ dn is the non-increasing degree sequence of graph G.
Lemma 2.2 ([5]). Let G be a graph with n ≥ 2 vertices. Then d1 + 1 ≤ µ1 ≤ d1 + d2.
Lemma 2.3 ([6]). Let G be a connected graph with n ≥ 3 vertices. Then µ2 ≥ d2.
The previous two lemmas establish the relationship between the largest and second-largest degrees d1, d2 and the largest
and second-largest Laplacian eigenvalues µ1, µ2. In [7], H. Haemers proved a more general result.
Lemma 2.4 ([7]). Let G be a connected graph with n vertices and let d1 ≥ d2 ≥ · · · dn be its degree sequence. If its Laplacian
spectrum is µ1 ≥ µ2 ≥ · · ·µn = 0, then µk ≥ max{dk − k+ 2, 0}.
The following lemma shows us the relationship of the multiplicity of the largest Laplacian eigenvalue and the degree d1
and dn.
Lemma 2.5 ([8]). If G is a simple graph with n vertices, then mG(n) ≤
⌊
dn
n−d1
⌋
, where mG(n) is the multiplicity of the eigenvalue
n of L(G) and bxc the greatest integer less than or equal to x.
The next lemma gives us the well-known relation between the Laplacian eigenvalues of a graph G and the Laplacian
eigenvalues of its complement G.
Lemma 2.6 ([4]). Let G be the complement of a graph G. Let µ1 ≥ µ2 ≥ · · · ≥ µn (=0) and µ1 ≥ µ2 ≥ · · · ≥ µn (=0) be
the Laplacian spectra of G and G, respectively. Then µi + µn−i = n for any i ∈ {1, 2, . . . , n− 1}.
From the last lemma, we can deduce the Laplacian spectrum of the product of a vertex and a graph.
Corollary 2.7. Let µ1 ≥ µ2 ≥ · · · ≥ µn (=0) be the Laplacian spectrum of graph G. Let v be a vertex. Then n+ 1 ≥ µ1 + 1 ≥
µ2 + 1 ≥ · · · ≥ µn−1 + 1 ≥ µn (=0) is the Laplacian spectrum of graph G∇v.
The next two results form the basis of our work:
Lemma 2.8 ([4]). The classical single-wheel graph Wn1+1 is DLS, where n1 6= 6.
Lemma 2.9 ([9]). Every multi-fan graph (Pn1 ∪ Pn2 ∪ · · · ∪ Pnl)∇K1 is DLS.
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3. Main result
First, we will give a counterexample to an even circuit joining a vertex having a cospectral graph. For example, the
Laplacian spectrum of C6∇K1 is {7, 5, 4, 4, 2, 2, 0}. The next graph H (see Fig. 1) has the same Laplacian spectrum.
From [4], we know that among the wheel graph onlyW7 is not DLS. By Corollary 2.7, we get that C6∇Kk (k ≥ 2) is not
DLS as well, because H∇Kk−1 is a cospectral graph of C6∇Kk. Then we will prove that Cn1∇Kk is also DLS when n1 6= 6 and k
is a general integer. Here we use different methods to discuss the odd condition and the even condition.
Theorem 3.1. The graph Cn1∇Kk is DLS when n1 is odd.
Proof. We use induction on k. For k = 1, the conclusion holds. Hence we consider k ≥ 2. If n1 = 3, C3∇Kk = Kk+3 is DLS. So
here we only need to consider n1 ≥ 5. Suppose Cn1∇Kk−1 is DLS when n1 is odd. By Corollary 2.7, the Laplacian spectrum of
Cn1∇Kk is
{
(n1 + k)(k), k+ 2− 2 cos 2pi in1 (i = 1, 2, . . . , n1 − 1), 0
}
, where a(b) means that a is an eigenvalue of multiplicity
b. Suppose G is cospectral with Cn1∇Kk with respect to a Laplacian spectrum. By Lemma 2.4, dk+1 ≤ µk+1 + (k+ 1)− 2 =
µk+1 + k − 1. By Lemma 2.5, k = mG(n1 + k) ≤
⌊
dn1+k
n1+k−d1
⌋
. This means that k(n1 + k − d1) ≤ dn1+k ≤ 2k + 2. So we get
that d1 is equal to n1 + k− 1 or n1 + k− 2 when k ≥ 3. If k = 2, d1 is one among n1 − 1, n1, n1 + 1.
Case 1: k = 2, d1 can only be one among n1 + 1, n1 and n1 − 1.
Case 1.1: d1 = n1 + 1. Since graph G and Cn1∇K2 have the same largest degree n1 + 1, we consider their complements
Cn1∇K2 = Cn1∇K1 ∪ K1 and G = G′ ∪ K1, where G′ is G− K1. Clearly, G′ is cospectral with Cn1∇K1. Since Cn1∇K1 is DLS when
n1 is odd, then its complement Cn1∇K1 is DLS as well. Then G′ must be isomorphic to Cn1∇K1 and Gmust be isomorphic to
Cn1∇K2.
Case 1.2: d1 = n1. By Lemmas 2.4 and 2.5, 2 ≤
⌊
dn1+2
n1+2−n1
⌋
, i.e., 4 ≤ dn1+2 ≤ d3 ≤ 6. Besides the vertices of degree d1 = n1
and d2, suppose that there are x4 vertices of degree 4, x5 vertices of degree 5 and x6 vertices of degree 6. By Lemma 2.1, we
can getx4 + x5 + x6 + 2 = n1 + 2,4x4 + 5x5 + 6x6 + d1 + d2 = 6n1 + 2,16x4 + 25x5 + 36x6 + d12 + d22 = 16n1 + 2(n1 + 1)2.
Solving the equation, we can get
x4 = 12 (n1
2 − 5n1 − d22 + 11d2 − 20),
x5 = −n12 + 6n1 + d22 − 10d2 + 18,
x6 = 12 (n1
2 − 5n1 − d22 + 9d2 − 16).
When d2 = 4, then x5 = −n12 + 6n1 − 6 = 0. We get n1 = 3+
√
3, a contradiction.
When d2 = 5, x6 = n12 − 5n1 + 4 = 0. n1 = 4 or 1. This contradicts the fact that n1 ≥ 5.
When d2 ≥ 6, x4, x5, x6 ≥ 0, we get
11−√4n12 − 20n1 + 41
2
≤ d2 ≤ 11+
√
4n12 − 20n1 + 41
2
,
d2 ≤ 10−
√
4n12 − 24n1 + 28
2
or d2 ≥ 10+
√
4n12 − 24n1 + 28
2
,
9−√4n12 − 20n1 + 17
2
≤ d2 ≤ 9+
√
4n12 − 20n1 + 17
2
.
Then we get 10+
√
4n12−24n1+28
2 ≤ d2 ≤ 9+
√
4n12−20n1+17
2 .
Since
d2 ≥ 5+
√
(n1 − 3)2 − 2 ≥ 5+
√
(n1 − 3)2 − 2 = n1,
i.e., d2 = d1 = n1, x5 = −4n1 + 18. If n1 ≥ 5, x5 < 0, a contradiction. The proof is completed.
Case 1.3: d1 = n1 − 1. Since the multiplicity of µ1 = n1 + 2 is 2, by Lemma 2.5, 6 ≤ dn1+2 ≤ d3 ≤ 6, i.e., d3 = d4 = · · · =
dn1+2 = 6. This means that there are n1 vertices of degree 6. Since
∑n
i=1 di = 2m, 6n1 + n1 − 1 + d2 = 6n1 + 2. Then
d2 = 3− n1 < 0, a contradiction.
So Cn1∇K2 is DLS when n1 is odd.
Case 2: k ≥ 3, d1 is one of n1 + k− 1 and n1 + k− 2.
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Fig. 1. H .
Case 2.1: d1 = n1 + k− 1. Like in the proof of Case 1.1, we can obtain that Gmust be isomorphic to Cn1∇Kk.
Case 2.2: d1 = n1 + k− 2. By Lemmas 2.4 and 2.5, 2k ≤ dn1+k ≤ · · · ≤ dk+1 ≤ 2k+ 2. We can see that n1 + k− 2 ≥ 2k, i.e.
n1 ≥ k+2.We consider the complement G of G. Its Laplacian spectrum is
{
n1 − 2+ 2 cos 2pi in1 (i = 1, 2, . . . n1 − 1), 0(k+1)
}
,
which means that the complement graph G contains k+1 components. There must be one component with the least vertex
number p and its largest Laplacian eigenvalue is n1 − 2+ 2 cos 2pi i0n1 . It is not difficult to check that n1 − 2+ 2 cos
2pi i0
n1
≤ p,
so n1 − 3 ≤ p. Since (k + 1)(n1 − 3) ≤ n1 + k and n1 ≥ k + 2, k2 − 2k − 3 ≤ 0, then we get −1 ≤ k ≤ 3. Note that
here k ≥ 3. We only need to prove the condition k = 3. Since (3+ 1)(n1 − 3) ≤ n1 + 3, we get n1 ≤ 5. Since C3∇K3 = K6
is DLS, we only need to discuss the graph C5∇K3. Since d1 = n1 + k − 2 = 6 and dn1+k = d8 ≥ 2k = 6, we know that
d1 = d2 = · · · = d8 = 6.∑8i=1 di = 48 6= 7× 3+ 5× 5 = 46. This is a contradiction.
So Cn1∇Kk is DLS when n1 is odd. 
Theorem 3.2. The graph Cn1∇Kk is DLS when n1 6= 6 is even.
Proof. Like for the odd case, we again make use of induction on k. For k = 1, the conclusion holds. Hence we consider
k ≥ 2. Suppose Cn1∇Kk−1 is DLS when n1 6= 6 is even. We also know that the Laplacian spectrum of Cn1∇Kk is{
n1 + k(k), k+ 2− 2 cos 2pi in1 (i = 1, 2, . . . , n1 − 1), 0
}
. Suppose G is cospectral with Cn1∇Kk. By Lemma 2.4, dk+1 ≤ µk+1+
(k+ 1)− 2 = µk+1+ k− 1. By Lemma 2.5, k = mG(n1+ k) ≤
⌊
dn1+k
n1+k−d1
⌋
. This means that k(n1+ k− d1) ≤ dn1+k ≤ 2k+ 3.
Then we get that d1 is one among n1 + 1, n1, n1 − 1 when k = 2, d1 is one among n1 + 2, n1 + 1, n1 when k = 3 and d1 is
equal to n1 + k− 1 or n1 + k− 2 when k > 3.
Case 1: k = 2, d1 is one among n1 + 1, n1, n1 − 1.
Case 1.1: d1 = n1 + 1. Like in the proof of Case 1.1 in Theorem 3.1, we can obtain that Gmust be isomorphic to Cn1∇K2.
Case 1.2: d1 = n1. By Lemmas 2.4 and 2.5, 2(n1 + 2 − n1) = 4 ≤ dn1+2 ≤ · · · ≤ d3 ≤ 7. We consider the complement
G of G. Its spectrum is
{
n1 − 2+ 2 cos 2pi in1 (i = 1, 2, . . . , n1 − 1), 0, 0, 0
}
. This means that G contains three components.
There must be a component which has the least vertex number p and its largest Laplacian eigenvalue is n1 − 2+ 2 cos 2pi i0n1 .
If i0 = n12 , then p = n1 − 4 and the component only has two vertices. So n1 = 6, a contradiction. If i0 6= n12 , we can
also get that n1 − 3 ≤ p. Since 3(n1 − 3) ≤ n1 + 2 and n1 ≤ 112 , we only need to consider n1 = 4. Since d1 = 4 and
dn1+2 ≥ 4, d1 = d2 = · · · = d6 = 4. The sum of degrees of G is 6 × 4 6= 2 × 4 + 2 × 5, which is the sum of degrees of
C4∇K2. This is a contradiction.
Case 1.3: d1 = n1 − 1. By Lemmas 2.4 and 2.5, 2(n1 + 2− n1 + 1) = 6 ≤ dn1+2 ≤ · · · ≤ d3 ≤ 7. Suppose that there are x6
vertices of degree 6 and x7 vertices of degree 7 besides the vertices of degree d1 and d2. Then we have{
x6 + x7 + 2 = n1 + 2,
6x6 + 7x7 + d1 + d2 = 6n1 + 2,
Solving the equation we can get x7 = −n1 + 3− d2. Clearly, x7 < 0. This is a contradiction.
So the graph Cn1∇K2 is DLS when n1 6= 6 is even.
Case 2: k = 3, d1 is one among n1 + 2, n1 + 1, n1.
Case 2.1: d1 = n1 + 2. Like in the proof of Case 1.1 in Theorem 3.1, we can obtain that Gmust be isomorphic to Cn1∇K3.
Case 2.2: d1 = n1 + 1. By Lemmas 2.4 and 2.5, we know that 3× (n1 + 3− n1 − 1) = 6 ≤ dn1+3 ≤ 2× 3+ 3 = 9. We can
also consider the complement of G. Its Laplacian spectrum is {n1− 2+ 2 cos 2pi in1 (i = 1, 2, . . . , n1− 1, n1 6= 6 is even), 0(4)},
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which means that the complement graph G contains four components. There must be one component with the least vertex
number p and its largest Laplacian eigenvalue is n1 − 2+ 2 cos 2pi i0n1 . By the fact that p ≥ n1 − 2+ 2 cos
2pi i0
n1
, we can learn
that if i0 = n12 , then p = n1 − 4 and the component only has two vertices. So n1 = 6, a contradiction. If i0 6= n12 , n1 − 3 ≤ p.
Since 4(n1 − 3) ≤ n1 + 3 and n1 ≤ 153 = 5, we only need to consider n1 = 4. Since d1 = 5 and dn1+3 ≥ 6, we have a
contradiction.
Case 2.3: d1 = n1. By Lemmas 2.4 and 2.5, 3 × (n1 + 3 − n1) = 9 ≤ dn1+3 ≤ d4 ≤ 2 × 3 + 3 = 9. By the fact that the
Laplacian spectrum determines the sum of degrees, 9n1 + n1 + d2 + d3 = 5n1 + 3(n1 + 2). We have d2 + d3 = −2n1 + 6
and d2 + d3 ≥ 18. Then 18 ≤ −2n1 + 6 and n1 ≤ −6. This is a contradiction.
Case 3: k ≥ 4, d1 is equal to n1 + k− 1 or n1 + k− 2.
Case 3.1: d1 = n1 + k− 1. Like in the proof of Case 1.1 in Theorem 3.1, we can obtain that Gmust be isomorphic to Cn1∇Kk.
Case 3.2: d1 = n1+k−2. By Lemma2.4, 2k ≤ dn1+k ≤ · · · ≤ dk+1 ≤ 2k+3.We can see that n1+k−2 ≥ 2k, i.e. n1 ≥ k+2.We
consider the complement G of G. Its Laplacian spectrum is
{
n1 − 2+ 2 cos 2pi in1 (i = 1, 2, . . . n1 − 1), 0(k+1)
}
, which means
that the complement graph G contains k + 1 components. There must be one component with the least vertex number p
and its largest Laplacian eigenvalue is n1−2+2 cos 2pi i0n1 . By the fact that n1−2+2 cos
2pi i0
n1
≤ p, if i0 = n12 , then p = n1−4
and the component only has two vertices. So n1 = 6, a contradiction. If i0 6= n12 , n1 − 3 ≤ p. Since (k+ 1)(n1 − 3) ≤ n1 + k
and n1 ≤ 4 + 3k , we only need to consider n1 = 4. So d1 = k + 2 and d1 ≥ dn1+k ≥ 2k. This means that k ≤ 2; we have
proved this condition.
So Cn1∇Kk is DLS when n1 6= 6 is even. 
We next consider the product of a disjoint union of paths and a clique.
Theorem 3.3. The graph (Pn1 ∪ Pn2 ∪ · · · ∪ Pns)∇Kk is DLS.
Proof. We use induction on k. For k = 1, the conclusion holds. Suppose that (Pn1 ∪ Pn2 ∪ · · · ∪ Pns)∇Kk−1 is DLS. Here, we
also suppose that 0 ≤ t ≤ s is the number of paths P1. By Corollary 2.7, the Laplacian spectrum of (tP1∪Pnt+1 ∪· · ·∪Pns)∇Kk
is {(N + k)(k), k+ 2+ 2 cos ipi/nt+1 (i = 1, 2, . . . , nt+1 − 1), k+ 2+ 2 cos ipi/nt+2 (i = 1, 2, . . . , nt+2 − 1), . . . , k+ 2+
2 cos ipi/ns (i = 1, 2, . . . , ns−1), k(t−1), 0}. Suppose G is cospectral with (tP1∪ Pnt+1 ∪ · · ·∪ Pns)∇Kk. d1 ≥ d2 ≥ · · · ≥ dN+k
is the non-increasing degree sequence of G. By Lemma 2.4, dk+1 ≤ µk+1 + (k + 1) − 2 = µk+1 + k − 1. By Lemma 2.5,
k = mG(N + k) ≤
⌊
dN+k
N+k−d1
⌋
. This means that k(N + k − d1) ≤ dN+k ≤ 2k + 2. We get that d1 is equal to N + k − 1 or
N + k− 2 when k ≥ 3. If k = 2, d1 is one among N + 1,N,N − 1.
Case 1: k = 2, d1 is one among N + 1,N,N − 1.
Case 1.1: d1 = N + 1. Since graph G and (tP1 ∪ Pnt+1 ∪ · · · ∪ Pns)∇K2 have the largest degree N + 1, we consider
their complements (tP1 ∪ Pnt+1 ∪ · · · ∪ Pns)∇K1 ∪ K1 and G = G′ ∪ K1, where G′ is G − K1. Clearly, G′ is cospectral with
(tP1 ∪ Pnt+1 ∪ · · · ∪ Pns)∇K1. Since (tP1 ∪ Pnt+1 ∪ · · ·∪ Pns)∇K1 is DLS, its complement (tP1 ∪ Pnt+1 ∪ · · · ∪ Pns)∇K1 is DLS as
well. Then G′ must be isomorphic to (tP1 ∪ Pnt+1 ∪ · · · ∪ Pns)∇K1 and Gmust be isomorphic to (tP1 ∪ Pnt+1 ∪ · · · ∪ Pns)∇K2.
Case 1.2: d1 = N . By Lemmas 2.4 and 2.5, 2 ≤
⌊
dN+2
N+2−N
⌋
, i.e., 4 ≤ dN+2 ≤ d3 ≤ 6. Suppose that, besides the vertices of
degree d1 = N and d2, there are x4 vertices of degree 4, x5 vertices of degree 5 and x6 vertices of degree 6. By Lemma 2.1, we
can getx4 + x5 + x6 + 2 = N + 2,4x4 + 5x5 + 6x6 + d1 + d2 = 2(3N − s+ 1),16x4 + 25x5 + 36x6 + d12 + d22 = 2N2 + 20N + 2+ 2t − 14s.
By solving the above system, we can get
x4 = 12 (N
2 − 5N − d22 + 11d2 + 2t + 8s− 20),
x5 = −N2 + 6N + d22 − 10d2 − 2t − 6s+ 18,
x6 = 12 (N
2 − 5N − d22 + 9d2 + 2t + 4s− 16).
When d2 = 4, then x5 = −N2 + 6N − 6 − 2t − 6s = 0. Since s ≥ 1, δ = 12 − 8t − 24s < 0 and the equation has no
integer solution for N .
When d2 = 5, then x6 = 12 (N2 − 5N + 4 + 2t + 4s) = 0. Since s ≥ 1, δ = 9 − 8t − 16s < 0 and the equation has no
integer solution for N .
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When x4, x5, x6 ≥ 0, we get
11−√4N2 − 20N + 41+ 8t + 32s
2
≤ d2 ≤ 11+
√
4N2 − 20N + 41+ 8t + 32s
2
,
d2 ≤ 10−
√
4N2 − 24N + 28+ 8t + 24s
2
or d2 ≥ 10+
√
4N2 − 24N + 28+ 8t + 24s
2
,
9−√4N2 − 20N + 17+ 8t + 16s
2
≤ d2 ≤ 9+
√
4N2 − 20N + 17+ 8t + 16s
2
,
and we get 10+
√
4N2−24N+28+8t+24s
2 ≤ d2 ≤ 9+
√
4N2−20N+17+8t+16s
2 .
Since s ≥ 1, then
d2 ≥ 5+
√
(N − 3)2 − 2+ 2t + 6s > 5+
√
(N − 3)2 = N + 2.
This is a contradiction. The proof is completed.
Case 1.3: d1 = N − 1. Since the multiplicity of µ1 = N + 2 is 2, by Lemma 2.5, 6 ≤ dN+2 ≤ d3 ≤ 6, i.e., d3 = d4 = · · · =
dN+2 = 6. This means that there are at least N vertices of degree 6. Since∑N+2i=1 di = 2(3N − s + 1), 6N + N − 1 + d2 =
6N − 2s+ 2. Then d2 = 3− N − 2s ≤ 0. This is a contradiction.
Case 2: k ≥ 3, d1 is equal to N + k− 1 or N + k− 2.
Case 2.1: Like in the proof of Case 1.1 in Theorem 3.1, we can obtain that Gmust be isomorphic to (Pn1 ∪ Pn2 ∪ · · · ∪ Pns)∇Kk.
Case 2.2: d1 = N + k − 2. By Lemmas 2.4 and 2.5, 2k ≤ dN+k ≤ · · · ≤ dk+1 ≤ 2k + 2. We can see that N + k − 2 ≥ 2k,
i.e. N ≥ k + 2. We consider the complement G of G. Its Laplacian spectrum is {N (t−1),N − 2 − 2 cos ipi/nt+1 (i =
1, 2, . . . , nt+1− 1),N − 2− 2 cos ipi/nt+2 (i = 1, 2, . . . , nt+2− 1), . . . ,N − 2− 2 cos ipi/ns (i = 1, 2, . . . , ns− 1), 0(k+1)},
which means that the complement graph G contains k + 1 components. Since p is the order of the component with least
vertices, ifN is the largest eigenvalue of the component,N ≤ p, (k+1)N ≤ N+k. Then k ≥ 1,N ≤ 0 and k ≤ 1,N ≥ 0. The
first case is impossible and the second case is a multi-fan graph. If N is not the largest eigenvalue of the least component,
since N− 2− 2 cos 2pi i0ni ≤ p, then N− 3 ≤ p, where N− 2− 2 cos
2pi i0
ni
is the largest Laplacian eigenvalue of the component
with least vertices. Since (k + 1)(N − 3) ≤ N + k and N ≥ k + 2, k2 − 2k − 3 ≤ 0, then we get −1 ≤ k ≤ 3. We have
proved the condition k = 1, 2. We only need to consider the condition k = 3. Since (3+ 1)(N − 3) ≤ N + 3 and N ≥ k+ 2,
we get N = 5. We need to consider the case N = 5 and k = 3.
When N = 5, there are seven cases 5P1∇K3, (3P1 ∪ P2)∇K3, (2P1 ∪ P3)∇K3, (P1 ∪ 2P2)∇K3, (P1 ∪ P4)∇K3, P5∇K3 and
(P2 ∪ P3)∇K3. d1 must be N + k− 2 = 6; then d8 = 3(8− 6) = 6 = d1. The sum of degrees of G is 8× 6 = 48. But the sum
of degrees of 5P1∇K3 is 5× 3+ 3× 7 = 36 6= 48; the sum of degrees of (3P1 ∪ P2)∇K3 is 3× 3+ 2× 4+ 3× 7 = 38 6= 48;
the sum of degrees of (2P1 ∪ P3)∇K3 is 2 × 3 + 2 × 4 + 5 + 3 × 7 = 40 6= 48; the sum of degrees of (P1 ∪ 2P2)∇K3 =
3+4×4+3×7 = 40 6= 48; the sum of degrees of (P1∪P4)∇K3 is 3+2×4+2×5+3×7 = 42 6= 48; the sum of degrees
of P5∇K3 is 2× 4+ 3× 5+ 3× 7 = 44 6= 48 and the sum of degrees of (P2 ∪ P3)∇K3 is 4× 4+ 5+ 3× 7 = 42 6= 48. So
d1 6= 6.
So (Pn1 ∪ Pn2 ∪ · · · ∪ Pns)∇Kk is DLS. 
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